A new variant of the isospectral Feshbach map defined on operators in Hilbert space is presented. It is constructed with the help of a smooth partition of unity, instead of projections, and is therefore called smooth Feshbach map. It is an effective tool in spectral and singular perturbation theory. As an illustration of its power, a novel operator-theoretic renormalization group method is described and applied to analyze a general class of Hamiltonians on Fock space. The main advantage of the new renormalization group method over its predecessors is its technical simplicity, which it owes to the use of the smooth Feshbach map.
I Introduction
In this paper, we introduce a new mathematical tool in spectral analysis and singular perturbation theory and apply it to develop a simplified version of an operatortheoretic renormalization group method which can be used, for example, to analyze spectra of Hamiltonians on Fock space. Our new tool is a variant of the so-called Feshbach map, or Feshbach projection method, which we call smooth Feshbach map, for reasons that will become clear shortly.
The Feshbach projection method was originally introduced as a tool in analytic perturbation theory for operators on Hilbert space [10] (see also e. g. [11, 7, 8] ) and has been generalized, in the form of the Feshbach map, to a powerful tool of spectral analysis in [2, 3, 4] ; see also [5, 9, 13] for subsequent work.
"State-space decimation" (to a spectral subspace of "low-energy state vectors") is an intrinsic feature of the Feshbach map. It also is a key feature of operator-theoretic renormalization group methods. One might thus expect that the Feshbach map can be used as a central ingredient in the definition of operatortheoretic renormalization maps designed to tackle problems of spectral theory, resonance theory, and singular perturbation theory.
In [2, 3, 4] , the Feshbach map has indeed been a key element in the construction of renormalization maps defined on Banach spaces of operators on Fock space which have been used, for example, to prove the existence of a groundstate and of resonances for Hamiltonians describing non-relativistic electrons bound to static nuclei and interacting with the quantized electromagnetic field.
While the Feshbach map used in [2, 3, 4] , may be more general and more transparent, conceptually, than the "smooth Feshbach map" introduced in this paper, the latter leads to major technical simplifications in the construction of operatortheoretic renormalization group methods. In order to understand the structure of fixed points of a renormalization map and its linearization in the vicinity of a fixed point, the renormalization map must be shown to depend differentiably on the operators which it acts upon. Such differentiability properties are much more easily established if, in the definition of the renormalization map, the smooth Feshbach map introduced in this paper is used, because it employs a smooth partition of unity on Hilbert space, rather than projections.
To make things more precise, we sketch some spectral problems we are interested in, outline the definition of the smooth Feshbach map, and then explain how it can be used in the study of those spectral problems. Let À be a (generally unbounded) closed operator on a separable Hilbert space À of the form
where Ì is a closed operator whose spectrum we understand, and Ï is a perturbation defined on the entire domain of Ì . We are interested in analyzing the part of the spectrum of the operator À located near ¼. In particular, we may be interested in the spectral type near ¼, or we may want to know whether ¼ is an eigenvalue of À and what its multiplicity is. Problems like this can be studied with the help of the smooth Feshbach map, which we now define. We start by choosing a positive operator bounded above by the identity, ½, on À, and we set
The domain of the operator Ì in the decomposition (I.1) is then assumed to be invariant under and , and Ì is assumed to commute with and . We define À Ì · Ï and À Ì · Ï (i) À is bounded invertible on À iff ´À Ì µ is bounded invertible on Ê Ò .
(ii) ¼ is an eigenvalue of the operator À with multiplicity Ò ¼ ½ ¾ ¿ iff 0 is an eigenvalue of ´À Ì µ ¬ ¬ Ê Ò with the same multiplicity Ò ¼ .
(iii) If Ì and À are selfadjoint operators on À then À and ´À Ì µ have the same spectral type (e.g., ac, sc, pp) at ¼.
For precise statements and proofs, we refer the reader to Sect. II, in particular to Theorem II.1 and its proof. The usefulness of the Feshbach map and of Properties (i), (ii) and (iii), above, can be inferred from the following observations:
(1) It may happen that, for a clever choice of and Ì , the spectrum of ´À Ì µ is easier to analyze than the spectrum of À. For example, if Ê Ò is finitedimensional, the analysis of ´À Ì µ ¬ ¬ Ê Ò reduces to a finite-dimensional matrix problem. This situation arises in the perturbation theory of point spectra and is the realm of the original Feshbach projection method.
(2) Let be an arbitrary, but fixed selfadjoint operator on À, and let be a map defined on some space, Ò, so that, in the limit Ò ½, the spectral problem may become trivial. These remarks suggest to use the Feshbach map as a basic ingredient in the construction of an operator-theoretic renormalization map. This is the main topic addressed in Sect. III of this paper. Our renormalization group methods will be illustrated on some typical examples. The physical systems studied in [2, 3, 4] and in Sect. III of this paper consist of a "small" system with finitely many quantum-mechanical degrees of freedom coupled to a "large" open system with infinitely many degrees of freedom. The small system may be an idealized atom with a static nucleus and electrons treated non-relativistically. To consider the simplest example, we may think of an idealized two-level atom whose quantum-mechanical state space is given by
The atomic Hamiltonian is chosen to be
where ½ ¾ ¿ are the usual ¾ ¢¾ Pauli matrices, and ¼ is an atomic energy. This idealized atom is then coupled to an open, dispersive system with infinitely many quantum-mechanical degrees of freedom. To be specific, we suppose that these degrees of freedom correspond to massless, relativistic bosonic particles, e. g., photons (which are the field quanta of the quantized electromagnetic field). In order to keep our exposition as simple as possible, we neglect the polarization of photons, i. e., we consider "scalar photons", or "phonons". The state space of the large system is the bosonic Fock space, constructed as follows. Let
denote the Hilbert space of one-particle states of a bosonic particle, i. e., of a "scalar photon" or "phonon". The variable ¾ Ê ¿ is the wave vector or momentum of the particle; (throughout this paper, the velocity of light, , and Planck's constant, , are set equal to 1). Bosonic Fock space, , over is defined by
where Ë Ò is the orthogonal projection onto the subspace of totally symmetric Ò-particle wave functions contained in the Ò-fold tensor product of ; and ½ and vary . It is easy to see that, for arbitrary , the operator Î is a symmetric operator and small relative to À ¼ , in the sense of Kato [12] , with an arbitrarily small constant. Thus À is self-adjoint on the domain of À ¼ .
We are interested in properties of the spectrum of À. Ò ´À ¼ µ is at the bottom of a branch of continuous spectrum covering ½µ;
is thus an eigenvalue embedded in absolutely continuous spectrum and is a treshold for a branch of continuous spectrum covering ½µ. We are interested in the fate of the eigenvalues and the nature of the spectrum of À when the perturbation Î is added to À ¼ . It is clear that standard methods of perturbation theory will not enable us to find solutions to these problems, no matter how small is. In Sect. III, we illustrate the power of the smooth Feshbach map by solving the above problems with the help of operator-theoretic renormalization group methods based on the smooth Feshbach map.
Let denote the generator on Fock space of momentum-space dilatations, which can be expressed in terms of creation-and annihilation operators by
The operator is selfadjoint on . We define dilatation operators by We are now prepared to describe some basic results concerning the spectrum of À , the proofs of which will be presented in Sect. III, (except for some rather elementary steps for which we refer to [2, 3, 4] has an analytic continuation in Þ from the upper half plane across the cut ´ µ ½µ to the lower half plane, where it has a branch-point type singularity at a point ´ µ, with ÁÑ ´ µ ¼, which does not depend on the vectors © and¨. The interpretation of ´ µ is of a "resonance energy"; it can be determined by a convergent algorithm, and
Results (a), (b) and (c) are special cases of results first established in [2, 3] . The point of the present paper ist to describe some major simplifications in the proofs arising from the use of the smooth Feshbach map, described above, instead of the Feshbach projection method used in [2, 3, 4] . This will form the main contents of Sect. III. The first step in the proof of (a) Using arguments very similar to ones in [2, 3] , see also [1] The emphasis of this paper is almost entirely on the development of mathematical tools and methods, all related to the smooth Feshbach map and its use in operator-theoretic renormalization group methods, and not on proving optimal results on concrete physical models. Our main concern is to present the smooth Feshbach map, to describe its general properties, and to illustrate its power on a general class of examples of operators on Fock space. In a companion paper [1] , we shall apply our new tools to a technically more demanding, concrete fieldtheoretical model.
II The Smooth Feshbach Map
In this section, we present a new mathematical tool to analyze the spectral properties of a given closed operator À on Hilbert space, which we will refer to as the smooth Feshbach map. Its definition involves choosing an auxiliary operator, .
Given , the smooth Feshbach map is a map defined on pairs,´À Ì µ, of closed operators on Hilbert space. The operators´À Ì µ are referred to as a Feshbach pair. Feshbach pairs are of key importance in our analysis. Together with the Feshbach theorem, the smooth Feshbach map provides a general method for the spectral analysis of À by spectrally analyzing a related operator that acts on a Hilbert subspace which can be conveniently picked. The Feshbach map in its initial form has been successfully used for the construction of an operator-theoretic renormalization group for the rigorous analysis of Hamiltonian quantum field theories in [2, 3] .
The smooth Feshbach map is a variant that uses smooth cutoff operators (in the sense of the spectral theorem) instead of projectors. It inherits all the useful properties of the standard Feshbach map, but is, in addition, significantly better behaved with respect to derivatives.
II.1 Feshbach Pairs and the Feshbach theorem
Let be a positive operator on a separable Hilbert space À whose norm is bounded by one, ¼ ½. We assume that and Ô ½ ¾ are nonzero. Let À and Ì be two closed operators on À with coinciding domains, ÓÑ´Àµ ÓÑ´Ì µ, and assume that and leave ÓÑ´Ì µ invariant and commute with Ì . We set Ï À Ì and define
We remark that the domains of Ï , Ï , À , and À all contain ÓÑ´Ì µ. Furthermore, we assume that À is bounded invertible on Ê Ò and that À ½ ¾ Í ½ Ï and Ï À ½ ¾ extend to bounded operators on À and Ê Ò , respectively,
where À Í À is the polar decomposition on Ê Ò . Given , any paiŕ 
We furthermore define
Note that É ´À Ì µ ¾ ´Ê Ò Àµ and É ´À Ì µ ¾ ´À Ê Ò µ define two bounded operators.
The smooth Feshbach map of À is isospectral to À in the sense of the following theorem. 
Theorem II.1 (SFM
Then, for any ¾ À, 
independently of «. are of key importance in the proof. They both derive from a simple computation, which we give only for the first equality in (II.16),
Proof of (i). It suffices to check that (II.8) holds if is bounded invertible on Ê Ò and that (II.9) holds if À is bounded invertible on À.
Thus, suppose first that the restriction of to Ê Ò is bounded invertible on Ê Ò , and define
Using (II.16) and (II.15), we obtain 
where we use the second resolvent identity and the fact that Ì , and commute to derive the last equality. Similarly, one checks that Ê ½. Thus is (globally) invertible on À with inverse ½ Ê. Denoting by È the projection onto Ê Ò , we observe that
is block-diagonal w. r. t. À Ê Ò ¨´Ê Ò µ . Hence, the global invertibility of on À implies the invertibility of its restriction to Ê Ò , proving (II.9).
Proof of (ii).
and hence
Denote by È the orthogonal projection onto Ê Ò , and note, in passing, that È and È commute, but È È ¼, unless is a projection. Since Ì is invertible on Ê Ò , the trivial identity
Applying (II.28) to ³, we obtain that 
The proof of Eq. (II.12) is similar. We use again (II.30) together with (II.8), which yields
II.2 Iterated Applications of the Smooth Feshbach Map
In this section we study iterated applications of the smooth Feshbach map. To motivate our study, we recall from (II.14) that the 
In this case, we have 
II.3 Derivations and the Smooth Feshbach Map
In a variety of applications it is necessary to discuss derivatives of the smooth Feshbach map with respect to scalar and operator-valued variables and commutators with respect to operators and operator-valued distributions (see, e.g., [6] 
£
Typical examples of derivations are commutators, AE ´ µ ℄, for a fixed operator , and derivatives with respect to parameters. In particular, if Þ À´Þµ is an analytic family, and Ì and are independent of Þ, then (II.61) implies that ´À´Þµ Ì µ is analytic, too, because
in this case. For examples of applications of derivations, we refer the reader to [6] . In a forthcoming publication, derivations play a crucial role in the analysis of the Nelson model at total momentum È ØÓØ ¼.
III The Renormalization Group based on the Smooth Feshbach Map
In this section we develop an operator-theoretic renormalization group (RG) transformation based on the smooth Feshbach map and compare it to the one in [2, 3] , which was based on the Feshbach (projection) map. It has been applied to spectral problems of quantum electrodynamics with nonrelativistic matter in [2, 3, 4] . The renormalization transformation is homothetic to an isospectral map defined on a subset of a suitable Banach space of Hamiltonians with a certain contraction property. Its contraction property insures that the iteration of the renormalization transformation converges to a fixed-point (limiting) Hamiltonian, whose spectral analysis is particularly simple. Thanks to the isospectrality of the renormalization map, certain properties of the spectrum of the initial Hamiltonian can be studied by analyzing the limiting Hamiltonian.
In the following sections, we make use of the definitions and notation introduced in Sect. I, Eqs. (I.11)-(I.20).
III.1 A Banach space of Hamiltonians
To define the renormalization transformation we shall first construct a Banach space of Hamiltonians on which it can be defined. Let Before turning to the proof of Theorem III.1 we recall a very useful identity, the Pull-Through Formula (and its adjoint relation), . Indeed, this inequality is equivalent to ÐÒ´½ ½ µ · · ÐÒ´½ Ñ µ Ñ ÐÒ´Ñµ, and we may assume that ½ · · Ñ ½. This inequality is a consequence of Jensen's inequality applied to the convex function ´Üµ Ü ÐÒ´Üµ; Note that Ï ½ depends on the two parameters ¼ and ¼
½.
Next we define the Banach spaces
where Û ¼ ¼ ×ÙÔ Ö¾Á Û ¼ ¼ Ö℄ . We observe that there is a natural bijection
We shall henceforth not distinguish between Ï ¼ ¼ and ¨Ì . We write 
where we write Ï Ñ Ò Û℄ Ï Ñ Ò Û Ñ Ò ℄. We now show that is a bijection and that Í Û℄ is close to the disc of radius centered at ¼, provided Û is close to Û ¼ . To this end, we define a polydisc 
for Å · AE ½, and 
III.4 Construction of Eigenvalues and Eigenvectors
In this section we apply the renormalization transformation Ê 
